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Abstract

The expectations E[X(y)], E[Z(y)], and E[Y;)] of the minimum of n independent geonietric, modified
geometric, or exponential random variables with matching expectations differ. We show how this
is accounted for by stochastic variability and how E[X(1)}/ E[Y(;)] equals the expected number of
ties at the minimum for the geometric random variables. We then introduce the “shifted geometric
distribution”, and show that there is a unique value of the shift for which the individual shifted
geometric and exponential random variables match expectations both individually and in their

minimums.
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1 Introduction

The purpose of this note Is to compare the distributions of the minimums of two sets of random vari-
ables, respectively with geometric and exponential distributions, having pairwise matching means.
The geometric distribution is the discrete analog of the exponential distribution and can be applied
to a variety of performance models which can be analyzed by analytic or simulation methods. The

following notation is used:
e IN={0,1,2,...}, the natural numbers.
o Nt = {1,2,3,.. .}, the positive natural numbers.

e N ={1,2,...,n}, the first n natural numbers (n is a constant which will be clear from the

context).

Fa(t) = Pr{A < a}, the cumulative distribution function (CDF) of a random variable A.

FA(t) = 1 — F4(t), the complement of the CDF of A (its survivor function).

2 Geometric, modified geometric, and exponential distributions

Two random variables X and Z are said to have a geometric distribution with parameter « € (0, 1),
X ~ Geom(«), and a modified geometric distribution with parameter 3 € (0, 1), Z ~ ModGeom(73),

[4] if their probability mass functions (pmnfs) are, respectively,
Vk € N*,Pr{X =k} = o1 — a)*7! and

Vk € IN,Pr{Z = k} = B(1 — ),

from which it follows that their CDF's at the mass values are

k
Vk e Nt Pr{X <k} = Ea(l —a)'=1-(1-a) and
=1

k
Vk € N,Pr{Z < k} :25(1_5)1 =1-(1-pB)*,

=0

and that their expectations are

00 ‘ 1
E[X]= Eka(l —a)* 1 = - and
k=1

plz1= Y ko0 - g = 2L,
k=0

Informally, the difference between a geometric and a modified geometric distribution with the
same parameter is the way in which they count: the geometric distribution starts at one, the
modified geometric distribution starts at zero. Hence, if X ~ Geom(«), X — 1 ~ ModGeom(a).

Equivalently, the geometric distribution models the trial number of the first “success” in repeated
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independent Bernoulli trials, whereas the modified geometric distribution models the number of
trials before the first success.

The above assumes that the “time-step” of the distribution is the same as the units in which
time is measured. This restriction is removed by considering X and Z as random variables assuming
values in {kw :k € Nt} or {kw : k € IN}, respectively, for some time-step w > 0:

—(1—a)lEl e
X~Geom(a,w)<:>Vt€IR,Pr{X§t}:{(1) (I —-a) ift>0

. and
otherwise

- — | {.WLJ_H if t >
7 ~ ModGeom(3,w) <= ¥i € R, Pr{Z < t} = { (1) (1=7) ire20

otherwise
which imply
Yk e Nt,Pr{X = kw} = a(l — a)*7! and
Vi € N,Pr{Z = kw} = 8(1 — g)*

and

E[X]= Y and

o
w(l—7)

E[Z] = T

It is well known that both the geometric and modified geometric distributions are discrete
analogs of the exponential distribution. In particular, given an exponential random variable Y

with rate A > 0,
Y ~ Expo(}) = ¥t > 0,Pr{Y <t} =1 - e M= E[Y] = 27T,

one can determine o and 3 so that X and Z match Y in expectation:

E[X]:E:/\_]:E[Y]éa:/\w and
o
Cw(l=-8) I,
E[Z]_T_/\ _E[Y]:>;3-I+/\w,

and then, using these values for o and /3, the distributions of X and Z approximate that of YV

arbitrarily well as the time-step w is reduced:

Hlll(l) Pr{X <t} = 111116 1-(1- )\w)[ﬂ =1-eM=Pr{Y <t} and

=1-¢=Pr{Y <t},

Aw )I.éJ‘H
1+ Aw

lim Pr{Z <t} =lim! - (1 -

wl0 wl0
Note that & = Aw € (0, 1) implies w < A~1, that is, it is not possible to match the mean of an
exponential random variable Y ~ Expo(A) with a geometric random variable having a time-step
w > A~'. In the special case w = A™!, @ = 1 and the distribution of X degenerates to a constant:
X ~ Geom(l,w) = Const(w). In the following, we allow this case and require w € (0,A71]. No
such restriction exists in the case of the modified geometric distribution, where any w > 0 can be

used.



3 The minimum of a set of random variables

Consider now three sets of n > 2 independent random variables, {X; :1 € N}, {Z; : 4 € N}, and

{Y; :7 € N} with matching means:

Vie N, X; ~ Geom(oy,w), E[X}] = )\i“ = = Aw,

Aw

Vi€ N, Z; ~ ModGeom(j3;,w), E[Z] = A\ = pi = 5w

Vie N,Y; ~ Expo(X;), E[Y}] = A7

1

Since w € Mien(0,A7'], we obtain w € (0, A3/ x], where Aprax = max{};:i € N}.
It is well known that the minimum of each of these sets has the same type of distribution as

the elements of the set [5, 2]:
Xay=min{X;:7¢€ N} ~ Geom (l - H(l - ai),w) ,
iEN
Z(]) =min{Z;:i € N} ~ ModGeom (1 — H(1 _ /ﬁ),w) . and

1EN

Y4y = min{Y;:i € N} ~ Expo (z /\,-) .

1EN

Hence, X(1), Z(1), and Y{;) have different expectations:

1EN 1EN
w [T -8 .
_ __1EN _ « , _ v .
Elzml = 1= T[G=3) - —1+ [0 +) # (Z A,) = E[Yjyl. (2)

iEN 1EN

Theorem 1. For n > 2, E[X(y)] > E[Yu)] > E[Z()].

Proof. We prove that E[X (1] > E[Y{y)] by induction on n, hence we make the index n explicit
by writing E[X(y )] and E[Y{y,,))-

Base step: For n = 2,

w 1 1
= - > =
1—(1—/\1w)(1—)\2w) A+ A - M hw A+ A

E[X(l,‘z)] = E[Y(l,'z)]-

Inductive Hypothesis: Assume that, for a given n, E[X( )] > E[Y(1,,]- Then,

-1
w
> A = (1 - /\iw) >1- Aw
- JI( =) (%:v ) zle_]IV EZN
iEN



Geometric Exponential Modified Geometric

Figure 11 E[X(y)], E[Y(yy}, and E[Zy)] (n = 1,---,5,¥i, A, = 1) as a function of w.

Inductive Step: Then E[X(j n41)] > E[Y(1,41)); since

. (%)
E[‘X(l,n-i-l)] =
1- (H(’l — /\iw)) (1= Agp1w)
1EN
w
>
- (1 -y )\iw) (1 = Ap1w)
EN

-1
_ ! > ( Z A,-) = E¥gin)]
Z A+ ’\Ti-i-l - (Z /\i) /\n_Hw teNU{n+1}
 ieN ieN
The proof that E[Z(;)] < E[Y(y)] is analogous and is omitted. QED.

In other words, the minimum of n independent exponential random variables is always strictly
bounded in expectation by the minimums of n independent geometric and modified geometric

random variables with matching means. For example, if n = 2, and Ay = Ay = A,
E[X(y) = (2A(1 = dw/2))™ > E[Yy] = (20)7' > E[Z)] = A1 + dw/2))7".

E[X 1)} and E[Z(})] coincide with E[Y(yy] only in the limit, as w | 0 (see figure 1):

-1
W w

im F{ Xy} = lim =lim == A = ElY, and

i EX ol =1 1= TI(1-2ew) @05 Ao+ ofw) (;V ) O

teN 1ieN

-1

w w

lim £[Z;1,] = lim =lm — = A = FElY .

wio [ (1)] wlo — [ 4 H(l + Aw)  wlo Z Aiw + o(w) (g}% ) [ (1)]
ieEN iEN

The convergence of E[X ()] and E[Z(})] to E[Y(1)] as w | 0 can also be derived observing that

E[X1) - w < E[Zu) < ElYaq)) < E[X@)] < E[Z0) + w,

which follows from the fact that (X; — w) ~ ModGeom(q;,w) and (Z; + w) ~ Geom(f;,w), and
from Vi € N, < Bi, which imply that E[X ;) — ] < E[Zy)] and E[Z) + w] > E[X(y)].

The next section contains an explanation for these inequalities.



4 Stochastic variability

Random variables with the same mean can be compared using the notion of stochastic variability,
described in Ross [3], for which there are two equivalent definitions. Y is said to be stochastically

more variable than X, X <, Y, if
VY increasing convex function g, E[g(X)] < E[g(Y)]

or, equivalently, if

VaZO,/ Fxlt) di g/oofy(t) dt.

An additional useful notion codifies the idea that the remaining lifetime of a random variable
conditioned on exceeding some value @ has never greater expectation (NBUE: New Better Than
Used in Expectation), or never smaller expectation (NWUE: New Worse Than Used in Expecta-

tion), than the original lifetime. Formally, a nonnegative random variable A is NBUE if
Ya>0,E[A—a| A>a] < E[A]
and is NWUE if
Ya > 0,FE[A-a| A > a] > E[A]
Ross lists some important consequences of these definitions:
e If X and Y are nonnegative, X <, Y, and E[X]= E[Y], then —X <, Y.
¢ If g : R" — R is an increasing convex function, if Vi € N, X; <, Y, {X; : 1 € N} are
independent, and {Y; : ¢ € N} are independent, then

g(Xla‘Xv‘Za--'a‘Yn) Sv g(}fle }2>-"7}/n)' )

o If X is NBUE, and Y is exponential with the same mean as X, then X <, Y.
o If Z if NWUE and Y is exponential with the same mean as Z then Y <, Z.

These last two facts are used to relate X ~ Geom(c,w), Z ~ ModGeom(f3,w), and ¥ ~ Expo(A)
with the same mean, by showing that the geometric distribution is NBUE and that the modified
geometric distribution is NWUE. Let X ~ Geom(a,w), Z ~ ModGeom(j3,w), and choose any

a > 0. Using the memoryless property of the geometric distribution, we can derive:

E[X-a|X>da = F[X|X>a]-a= [%J w+ E[X]—a < E[X] and

a

ElZ-a|Z>d = E[Z|Z>a.]—a:([ J+1)w+E[Z]—a>E[Z].

(7%}

Therefore, X <, Y <, Z.
C'onsidering again the three sets of independent random variables with matching means {X, :
te N},{Z;:ie€ N}, and {Yi: 7 € N} observe that

min{a; :1 € N} = —max{-a; : 1 € N}.

(5]



Since max is an increasing convex function and Vi ¢ N, -X; <, -Y; <, -,
max{—X;:1€ N} <, max{-Y;:i€ N} <, max{-Z;:1 € N},
implying that
—FE[max{-X;:i€ N}] > —E[max{-Y;:i€ N}] > —Elmax{-Z; : 1 € N}|,
and thus that

Emin{X,:i € N}] = E[Xyj] > E[min{Y; :i € N}] = E[Y(q)] > E[min{Z; :i € N}] = E[Z;)].

5 Matching the minimums by changing the time-step

This section presents an explanation for the existence of the strict Inequality (1), and its quantifi-
cation, based on the possibility of a tie for the minimum in the set {X; :4 € N}. A confirmation
of this intuition is found by defining a new random variable, W;y, obtained dividing X() by the
expected number of random variables tied for the minimum: the expectation of this “weighted
minimum” Wy is indeed the same as that of ¥{y).

The discrete nature of the geometric distribution implies that several random variables in
{X; : 1 € N} might coincide with X(;). Define Ij;j to be the the set of indices among {1,...n}

corresponding to such random variables (1f) is itself random):
I[]] = {'b eN: )(i = 1X(1)} g J’V, I[]] # 0
The pmf of I}y is
Vs CN,s#0,Pr{lp=s} = Pr{Vies,Xi= X AVieEN\s, X;> X}

= ZPT{ViES,Xi:kw/\VjE N\s, X; > kw}
k=1

= (Hai(l—ﬂi)k_l) ( II (l—aj)k)
k=1 \i€s JEN\s

This result is more easily obtained observing that, because of the absence of memory of the geo-
metric distribution, /;; and X(;) are independent, hence Pr{l = s} is simply the product of the
one-step probability of success for the elements of s and of the one-step probability of failure for

the elements not in s, normalized by the probability that at least one success occurs.



“For example, if n = 2, the three possible values for Iy and their probabilities are:

(I = {1)) = Pr{X L all-ey oA
Prifn tH PriXi < X2l 1_(1—01)(1—02) A+ A - M
012(1 - (I]) A) —_ )\1)\2(.4)

P]{IU] = {2}} = PT{Xl < XZ} = 1 - (1 _ 01)(1 — (Y‘Z) - M+ Ay — )\1A2w

) _ . _ - v _ [a4Y4 P __ A]A)(d
PI{IU] - {172}} B PY{XI N XZ} - 1 - (1 - al)(l - az) - )\1 + /\2 - A]Agw

In general, the probability that a particular X, is equal X(1), OT that ¢ € Ijy 18

Pr{X;=Xu} = p Pr{Xi=ho AYjEN,j#1,X;2 k)
k

c=1

iai(l—ai)k—l I -ae)
k=1 JEN,j#1

oo

Za,- H(l — k-1

k=

1 JEN

1-[Ta —a;)

JEN

hence, the expected number of completions at time X (1) among {X;:1€N}is

2
Emm=2mmﬁﬁdz—4ﬂ——<
ieN P TI0 - )
JEN
We can define the “weighted” random variables {W; :i € N}, where

1= JI-e))

. i X; w eN
vie NJW, = _ A Geom | o, = | = Geom | @i, W+ EENC LA
EllT] ( mwﬂ S

iEN
which are still geometrically distributed random variables with the same success probabilities as

their original counterparts {X;:i€ N}, but with a reduced time-step. Then,

Wy = min{W;: i € N} = min {—)—h—— 1€ N} = 0N

E{|Il] E([1]]
takes into account simultaneous completions by dividing the minimum completion time by the
expected number of completions (the corresponding quantity for the continuous case is still simply
Y1) since the probability of simultaneous completions is zeto in this case). The expected value
of the weighted minimum for the geometric case coincides with the expected minimum for the

exponential case:
[ ** A—
I - H(l - o) -1
X \ E[X(l)] ieN w ( )
EW, =E|l—=+—7| = = = = M = ElY,
W) [E[\lm\] Ell ] S a 3 lez,:v V)

iEN ieN

1= [T -a))

JEN




e

We conclude this section by observing that, while the result E[Wm] = E[}(,)] seems to imply
that exact ties are the cause of Inequality (1), this is not correct, since the inequality holds even
when ties are not possible. This can be shown by considering a set of geometric random variables
{X?:i€ N}, where

1

Vi€ N, X ~ Geom(af,w), E[X* = %L — \=1 _ g Y
1 2 a*

and, Vi € N,¥Yj € N,i # 7, the ratio w;i/w; is not a rational number, hence, it is not possible to

find two integers k; and k; that would results in a potential tie at time kjw,; = kjw;.

6 Matching the minimums by time-shifting

In the previous section, we forced the expectation of the minimums of {Xi:i€e N} and {¥: :
t € N} to coincide by reducing the time-step of the geometric distributions, that s, transforming
{X::7€ N} into {W::ie N}. While the result E[W(l)] = E[Yy)] is appealing, the weighted
random variables {W,; : i ¢ N} do not match the original {¥; : ¢ € N} in expectation. A more
interesting result would be to modify our initial set of random variables {X;:i€ N} so that both
the individual random variables and the minimum match the corresponding exponential quantities
in expectation,

In this section, we accomplish exactly this by introducing the “shifted geometric” distribution,
a generalization of both the geometric and modified geometric distribution. Given 0 < a <1,
w >0, and ¢ € IR, we say that S has a shifted geometric distribution with parameters q, w, and

a, 5~ Shift Geom (e, w, o), if its pmf is
VE € N, Pr{S = kw + 0} = o(1 — a)
which implies that its CDF is

~(1— )2+ s
VtE]R'v P!{SSI}: {; (l Q) Ift_a'

otherwise

and that its expectation is
I —a

w+ o,

E[S) =

In other words, given a random variable 4 ~ ModGeom(«), w > 0, and ¢ ER,S=Av+o~
ShiftGeom(n,w,a). Figure 2 shows the relationships between the geometric, modified geometric,
shifted geometric, and exponential distributions.

Given Y ~ Expo()), we can again consider the condition under which 5 and Y have the same
expectation:
wA

R sy (3)

Since a is a probability, it can only have values in [0,1]. Furthermore, E[S] = oc when a = 0, so

l -«

E[S] = wto=A"=E[Y] = a

we exclude this case. Then, S and Y have the same expectation for any choice of w and a, as long

as
wA
= — <1 < 271
0 <« ot on S =0 <

and « is set according to Equation (3). A few observations are of particuldr interest:

1 my

| o



Z'~ModGeom(at)

!

S'=Z'+0 7-7'0 X'=7+1

/

[ 5.v~shiftGTeom(a,o)J ( 7 -ModGeom(o.) J

7 ™~

S=(S"f)m+° §S=Z+o X=Z+w
[ s ~ShiftGeom(a,co,on Y=1imgLo ot £ X ~Geom(at,0)

\ g Z=Y/0]

X' ~Geom(at)

X=Xo

Y=lim, 1o oeen S — O Y=limg (g X
S=lYol+o X =[Y/w]

Figure 2: Relationships between the distributions discussed in this paper.

o Once the value of E[5]is fixed at A~!, decreasing the time-shift ¢ by &, possibly below zero,
causes a decrease in «, so that E[A] increases by 6 /w and E[S] = E[A]w — o remains constant.

Since E[A] can be arbitrarily large, this explains why there is no lower bound for o.
¢ If 0 =0, 5 ~ ModGeom(a,w).
o Ifw< Al and 0 = w, § ~ Geom(a,w).
e Ifo=A"", =1, hence § ~ Const(c) = Const(A~1).

Consider now a set of modified geometric random variables with time-step one, {A; : i € N}
and the set of shifted geometric random variables {S; : i € N} obtained from them by changing

the time-step to w and applying a time-shift o:
Vie N, A; ~ ModGeom(w;), S; = Aiw + ¢ = 5; ~ ShiftGeom(a;,w, o)

and set the parameters {«; : ¢t € N} so that:

I — o WA,
Yie N, E[S;] = : :)\-_]:EY,' P ek —
e [ ] a; wte : [ ]:>a 1 -0l +wk;

Since Vi € N,0 < a; < 1, the maximum value of ¢ is

-1
=11 A _ -1
o <mip{X'} = (Iz;%a‘“z}) = Max-
The expectation of S(;y = min{S;:i€ N} = A(jyw + ¢ is then

H(l —ai)

1EN

1- H(l-a,—)w

tEN

ElSny =

+ 0



(- = rom)
N I — oA +wA;

WA;
b= H (l_ 1—0/\,-+w)\,')
11 =ar)

w+o

= ieN wto= —pn——w +0o
H(l—(T/\,‘—}—w/\i)—H(l—(T/\i) In — Pn
iEN 1EN
where
Pn = H(l — o)) and @, = H(l — oA+ whi)
1EN iEN
satisfy

o Yo < Ajjax Pu < dn-

o Dulyeo =1, Gulomo = H(l +wh) > L.
teN

A pn'a:,\;,l,‘x =0.
o Ifw<« A;}A)(a Gily=e = 1.
Theorem 2. There exists a unique value ¢* < /\X;AX for which E[Sm] = E[Y(l)]-

Proof. To show the existence of ¢*, it is sufficient to observe that E[S(y)] is a continuous function

of o over (=00, Ay 4], that

-1
w
ElS = < A = ElY,
1EN
(this is Inequality (2)), and that
-1
ElSml| _\-r = Afax > (Z ’\i) = E[Yo)l-
TOMAX iEN

Hence, by continuity, there must exist a value ¢* € (0, )‘;}Ax) satisfying

. e -1
Furthermore, if w < Ay x>

H(l—w)\i) -1
E[S = €N = = M) o= B
Soll,_, 1—H(1—w/\,-)w+w l—H(I—W\i)>(ieZN ) o)

ieN iEN
(this is Inequality (1)), hence, in general, 0™ € (0, min{w, Ay 4x -

We prove the uniqueness of ¢* by induction on n, showing that E[Sm] is a strictly increasing

function of o over (—o0o, Ajf4x ), hence we make the index n explicit in E[S(1)] by writing

E[S(m] = min{S; :i € N}.

10



‘Base step: For n = 2,

(1= oh)(1 = ady)

ElSonl = g=ox3 ) —ohs +org) — (1 — el —or)” 77
_ I+ oAA(w—0)
M+ A+ A (w - 20)
and
dE[S( )] M@+ A2 = 20 020) + 2(1 — ady — ady 4 02A ) + WA Ay)

do (M + A+ A (w —20))?
>0 for o< AX
)\1/\2(0‘)()\1(1 - (T)\-z) + /\2(1 — O’)\]) + 2(1 - 0’/\1)(1 — (T/\'g) +w2/\1)\2) S0
(A4 A2 + M dg(w = 20))? '

In particular,
dE[Sa ) _ 1

lim F[S4 5] =—-0 and lim
o——00 [ (]'2)] T——00 do 2
and
~ dE[S(l 2)] w e
ElSanl| _ .-, = Mpax and  —=F = -1 T € |
l(f:/\M]AX (l(’ (T:x\;’]AX W + AAJIIV — AA{;AA’ W + AI\IIN
where Apsin = min{A;, Az}
Inductive Hypothesis: Assume that, for a given n,
Pn
ElSq.a] = w+o
[ . L)] qn — Pn
is a strictly increasing function of & over (—oo, /\;,,]AX], that is
dES n ’n_n_n’_, ,7_7)./
[ (]» )] —_ pn(q p ) P Eqn p71w+ 1 — pnql P an_+_ 1 > 0
do (Qn - Pn) ((In - pn)
which implies
Vo € (_OO’ )‘]T/]]AX]’ W(P:L% - an;l) > _(qn - pn)2
Inductive Step: Then the same holds for n + 1, that is,
Pn+1 pn(l - (T/\n-H)
E[Sq., = wito= w+ a,
[ a +])] n+1 — Pn+1 (In(I - (7/\n+l + W/\vl-i—l) - pn(l - (r/\n+1)

where A, 1 is the rate of the (n+41)-th exponential random variable, is a strictly increasing function

of o over (—oo, max{Aax,Aug1}" "], that is

>—(gn—pn)? for 0<A7 4%

— — . .
dE[S(],n+l)] . (l - (7/\‘n+1)(1 - (7/\n+l + W)\n«}-l) (P;Mn - an;z )w _’\121-1—]"‘)2(]npn + 1
(l(T ((IM(I - (7/\71—{—1 + W)‘n+1) - pn(l - U)W-H ))2

(1= adpp1)(1 = adg1 + wrnp1)(=(gn — pn)2) - ’\;ZL+1‘*’2Q7LP7L
(gu{l = dAnp1 + wAugr) = pull = dAng1))?
/\7L+1w((/11 - pn)(((bt + p“)(l - U’\n-H) + ’\n+1qu >0
(qn(l - (r/\”_H + W)‘N-H) - pn(l - U/\n+1))2

+ 1

[1



since, o < )‘:lel and Vo € (—oo,max{/\MAX,)\HH}_I],% > p,. QED.
We might now ask whether this value ¢ for which E[S(y)] = E[Y(y)] is such that the other order

statistics coincide as well, that is, whether
Vie N,i> 1, E[Sylle=or = E[Y(y)-
This is indeed true for n = 2, since
E[Sw)]+ ElS@] = E[Si] + E[S2] = EM] + E[Y)] = E[Yy)] + E[Y)]
implies that, whenever E[S(y)] = E[Y(;)],
E[Sy)] = E[Y(2)

Unfortunately, this is not true in general for n > 3, as it can be seen considering the homogeneous

case. When Vi € N, A; = A,
PI‘{S(z) > kw + O'} = PI‘{A(«Z) > k}

= Pr{(\ﬁe N, A; > k)V (\/ (Ai <kAYJEN,J#i,A;> k))}
€N
= Pr{Vie N,A; >k} + > Pr{Ai <kAVj€ N,j#4,4; >k}
1EN
= (1= )" 4 n(l = (1 - a)T)((1 - a)7T)FH!
= n(l- a)(”—l)(kﬂ) —(n=1)(1- a)"(k“)

and

&
=

Il
™8

PI{A(z) > k}
k
= Son(l - ) ED — (n - 1)(1 - o)t
k=0
n(1 — )" (n—1(1-a)*
I—(l—a)*~1  1-(l-a)

il

0

8

Hence, considering S(2) = Ayw + o and substituting a from (3),

_ n(l — aA)! (n—1)(1 = cA)"
ElS] = ((l —oX —wA)r = (1 —gA)! T (- —wA)r = (1 - cr)x)") wta,

while, due to the absence of memory of the exponential distribution,
E[Ygl = (n0)7 + ((n - D)7

It can be easily verified numerically, for example when n = 3, w = 1/2, A = 1, that the only real
root of E[S(y] = E[Y(3)] is @ = 0.173927, while the only real root less than A7V of E[Sy] = E[Y)]
is 0 = (0.346961.
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7 Variate generation application

The results of Section 3 can be used in variate generation for Monte Carlo simulation. For brevity,
only the geometric distribution is considered. Results for the modified geometric and shifted geo-
metric distributions are similar.

To generate a single Expo(A) random variate Y by inversion [l]
S |
YV — —Xln(l -U),

where /' ~ Unif(0,1). The random number 1 — U can be replaced by U for increased speed
although the direction of monotonicity is reversed. If ¥ ~ Expo(}) then [¥Y] ~ Geom(l — ™)
since Pr{[Y] = k} = e*=D}1 - ¢7*) for k € N*. Thus to generate a Geom(a) random variate
X requires only a single line of code

< [Ra=al

If the time-step is w, then the appropriate modification to generate a Geom(«,w) random variate

- [ra=al

The straightforward approach to generating the minimum Y, of n exponential random variables

is

{Y; ~ Expo(X;) : i € N} is to generate n exponential variates Y;,...,Y,, then determine the
minimum and the associated index (if required). This approach becomes time consuming as n

increases. A much faster approach is to generate the minimum as
In(1-0U)

_———Z o

tEN

Yoy <

where the denominator needs to be computed only once. This approach is both synchronized (one
random variate from Unif(0, 1), U; is needed to generate one random variate for Y{;),) and monotone
(given two random variates from Unif(0,1), Uy and Uy, Uy < Upy=Y{yy, < Y(q),). To generate a

variate corresponding to the index J of the minimum value, use the pmf
Aj

N

1EN

Pr{J =j}=

for j € N.

There are two cases to be considered when generating the minimum of geometric random vari-
ables. The first is when the modeler wants the means of the individual random variables (but not
of their minimums) to match. The second is when the modeler wants the means of the minimums
(but not of the individual random variables) to match. Consider generating the minimum X(;) in

the first case, where {X; ~ Geom(«;,w): 7 € N}. First generate the minimum

x In(1-U)
) Z In(1 — ;)
1EN
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To generate a random set of indices Ij;) corresponding to completion at the minimum value, use
the pmf
(H ai) H (1—-aqj)
i€s JEN\s

- JI0 =)

leN

Pr{l = s} =

for s C N,s # 0.

There are two costs to consider when generating a set of indices corresponding to X(y. The
first cost is the set-up cost incurred once at the beginning of a simulation. If all of the 2" — I subsets
of indices are to be considered, the (0,1) interval must be partitioned into as many pieces prior to
generating any variates. The second cost, often called the marginal cost to generate a variate, is
incurred each time a random variate is generated. It involves generating a Unif(0, 1) variate and
searching the partition determined at the beginning of the simulation for the appropriate cell. This
cell corresponds to a set of indices for the generated geometric random variable. The above scenario
is worst-case, since time will be saved in both the set-up and marginal steps if, for example, the
modeler is only interested in whether or not a tie occurred.

The generation of W), where the expected values of the minimums of the exponential and
geometric random variables coincide, requires only a slight modification to the previous approach.
At the beginning of a simulation, E[|Iyj|] should be calculated. Thus the reduced geometric is

Xa)

Wiy & ———2—.
ST

where X (q) is generated using the previous technique.

8 Conclusion

We have shown how, if the random variables {X; : i € N}, {Y; : i € N}, and {Z; : i € N}
model the same set of n concurrent activities using geometric, exponential, or modified geometric
distributions, respectively, with given expectations {)\i_l, the expected value of the minimums are
different, E[X(1)] > E[Y(3y] > E[Z;)]. Stochastic variability is employed to justify the result.

We then consider two different ways to match the expectation of the minimums. First, by
taking into account the possibility of ties in the geometric case, we define the “weighted minimum”
W), and obtain EWq)] = E[Y(y)], but this operation corresponds to decreasing the time-step
of the individual geometric distributions, hence their expectation. Alternatively, we introduce
the “shifted geometric distribution”, which a generalizes both the geometric and the modified
geometric. We can then define a set of shifted geometric random variables {S; : 1 € N}, which
match in expectation the exponential random variables both individually, E[S)] = /\1-_], and their

minimum, E[S)] = E[Y(;)]. Generating variates is straightforward.
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